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A quandle is a set with a binary operation satisfying certain conditions related to
Reidemeister moves in knot theory. First we give an example of a quandle with subsets
which are not subquandles but closed under the quandle operation. We introduce a method
to produce a quandle from an invertible dynamical system. Our example is generalized to
such dynamical quandles.
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1. Introduction
A quandle is a set X with a binary operation ∗ : X × X → X satisfying the following three conditions.
(i) For every x ∈ X , x ∗ x = x.
(ii) For every x, y ∈ X , there exists a unique z ∈ X with x = z ∗ y.
(iii) For every x, y, z ∈ X , (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).
We often denote a quandle by the pair (X,∗) or simply by X . The operation ∗ is called the quandle operation of the quandle
(X,∗). See [1–3,5].
The second condition is equivalent to existence of a binary operation ∗ : X × X → X such that
(ii)′ For every x, y ∈ X , (x ∗ y) ∗ y = x and (x ∗ y) ∗ y = x.
In this situation, the element z with x = z ∗ y in (ii) is expressed by x ∗ y. The operation ∗ automatically satisﬁes the
conditions (i)–(iii), and hence (X,∗) is also a quandle. We refer to ∗ as the inverse (quandle) operation of (X,∗).
A set X with a binary operation ∗ satisfying (ii) and (iii) is called a rack. A quandle X is called a kei or an involutory
quandle if ∗ = ∗. See [2,3,7].
A subquandle of a quandle (X,∗) means a quandle (A,∗A) such that A is a subset of X and the quandle operation
∗A : A × A → A is the restriction of ∗ : X × X → X .
Note that a subset A of X forms a subquandle of a quandle (X,∗) if and only if it is closed under both operations ∗
and ∗.
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matically a subquandle (cf. Lemma 2.1 of [6,4]). For an inﬁnite quandle, a subset of X closed under the quandle operation
is not necessarily a subquandle.
In Section 2 we give an example of a quandle with subsets which are closed under the quandle operation but are not
subquandles. No such examples seem to have been appeared in literature. (In a case where X is a rack, it is quite easy to
construct such an example.) It is a source of our inspiration for what we discuss in Sections 3 and 4.
We introduce a method to produce a quandle from an invertible dynamical system in Section 3, which is called a
dynamical quandle. By this method, one can easily construct a lot of examples of quandles.
In Section 4 we generalize the idea of the example given in Section 2 to construct subsets of a dynamical quandle which
are closed under the quandle operation but are not subquandles. For a dynamical quandle, we give a necessary condition
for a subset which is closed under the quandle operation, not to be a subquandle.
2. A motivational example
Let X be the set of positive numbers, and consider a subset
Γ = {2n ∣∣ n ∈ Z} ⊂ X .
Deﬁne an equivalence relation ∼ on X by
x ∼ y ⇐⇒ xy−1 ∈ Γ.
In other words, x ∼ y if and only if Γ x = Γ y in Γ \X when we regard X as an abelian group with multiplication and Γ as
a subgroup.
Deﬁne a binary operation ∗ on X by
x ∗ y = 21−χ(x,y)x =
{
x if x ∼ y,
2x if x y
where χ is the characteristic function with respect to ∼; χ(x, y) is 1 or 0 according as x ∼ y or not.
Lemma 1. For any x, y ∈ X and m ∈ Z, we have
(
2mx
) ∗ y = 2m(x ∗ y) and x ∗ (2my) = x ∗ y.
Proof. Note that x ∼ y if and only if 2mx ∼ y. If x ∼ y, then (2mx) ∗ y = 2mx = 2m(x ∗ y). If x y, then (2mx) ∗ y = 2m+1x =
2m(x ∗ y). Thus we have the former. The latter is obvious since x ∼ y if and only if x ∼ 2m y. 
Theorem 2. The set X with ∗ is a quandle, and there exist inﬁnitely many subsets which are closed under ∗ but are not subquandles.
Proof. (i) By deﬁnition, x∗ x = x. (ii) For x, y ∈ X , let z = 2−1+χ(x,y)x ∈ X . Using Lemma 1, we see that z∗ y = (2−1+χ(x,y)x)∗
y = 2−1+χ(x,y)(x ∗ y) = x. Let w ∈ X be another element with x = w ∗ y. Then x = w ∗ y = 21−χ(w,y)w , and hence x ∼ w .
So χ(x, y) = χ(w, y) and we have w = 2−1+χ(w,y)x = 2−1+χ(x,y)x = z. (iii) Using Lemma 1 again, we have (x ∗ y) ∗ z
= (21−χ(x,y)x) ∗ z = 21−χ(x,y)(x ∗ z) = 22−χ(x,y)−χ(x,z)x, and (x ∗ z) ∗ (y ∗ z) = (21−χ(x,z)x) ∗ (21−χ(y,z) y) = 21−χ(x,z)(x ∗ y)
= 22−χ(x,y)−χ(x,z)x. Thus (X,∗) is a quandle. The inverse operation is given by x ∗ y = 2−1+χ(x,y)x.
For each positive number λ, let Aλ be a half line [λ,+∞). It is closed under ∗. However it is not closed under ∗. Take
an element y ∈ Aλ such that y = 2mλ for every m ∈ Z0. Then λ ∗ y = 2−1λ /∈ A. 
3. Quandles derived from dynamical systems
An invertible dynamical system (X, τ ) means a non-empty topological space X with a homeomorphism τ : X → X . An
invertible discrete dynamical system (X, τ ) is just a non-empty set X with a bijection τ : X → X .
Let (X, τ ) be an invertible dynamical system. We denote by O τ (x) the orbit and by O+τ (x) the forward orbit of x with
respect to τ ; namely,
O τ (x) =
{
τnx
∣∣ n ∈ Z} and O+τ (x) = {τnx ∣∣ n ∈ Z0}.
Let Orb(X) (= Orb(X, τ )) denote the quotient space {O τ (x) | x ∈ X} of X by τ .
Consider a map θ : Orb(X) →P(Orb(X)) from Orb(X) to the power set P(Orb(X)) such that
O τ (x) ∈ θ
(
O τ (x)
)
for every O τ (x) ∈ Orb(X).
(For example, let θ be the map with θ(O τ (x)) = {O τ (x)} for every O τ (x) ∈ Orb(X).) We ﬁx such a map θ .
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x ∗ y = τ 1−χ(x,y)x =
{
x if O τ (y) ∈ θ(O τ (x)),
τ x otherwise
and
x ∗ y = τχ(x,y)−1x =
{
x if O τ (y) ∈ θ(O τ (x)),
τ−1x otherwise
where χ (= χθ ) is deﬁned by
χ(x, y) =
{
1 if O τ (y) ∈ θ(O τ (x)),
0 otherwise.
Lemma 3. For any x, y, z ∈ X, we have χ(x ∗ y, z) = χ(x ∗ y, z) = χ(x, z).
Proof. Since O τ (x ∗ y) = O τ (x ∗ y) = O τ (x), it is obvious. 
In this situation, we have the following.
Theorem 4. The set X with ∗ is a quandle, and ∗ is the inverse quandle operation of ∗.
Proof. (i) Since O τ (x) ∈ θ(O τ (x)), x ∗ x = x. (ii) For x, y ∈ X , using Lemma 3, we see that
(x ∗ y) ∗ y = τχ(x∗y,y)−1(τ 1−χ(x,y)x) = τχ(x∗y,y)−χ(x,y)x = x
and similarly we see that (x ∗ y)∗ y = x. (iii) Using Lemma 3, we see that (x∗ y)∗ z = τ 2−χ(x,y)−χ(x,z)x = (x∗ z)∗ (y ∗ z). 
We call this quandle the quandle derived from (X, τ ) with respect to θ , or a dynamical quandle. The map θ is called the
structure map. A structure map is said to be preferred if it is the map with θ(O τ (x)) = {O τ (x)} for every O τ (x) ∈ Orb(X).
The example given in Section 2 is a dynamical quandle such that X is the set of positive numbers (with discrete topol-
ogy), τ : X → X is the multiplication by 2, and the structure map θ : Orb(X) →P(Orb(X)) is preferred.
4. Subsets of dynamical quandles
Let X be a dynamical quandle derived from an invertible dynamical system (X, τ ) with respect to a structure map
θ : Orb(X) →P(Orb(X)). Note that O τ (x) ∈ θ(O τ (x)) for every O τ (x) ∈ Orb(X).
For elements α,β ∈ X , put
H+α,β = O+τ (α) ∪ O+τ (β) and H∗α,β = O+τ (α) ∪ {β}.
Proposition 5. Let X be a dynamical quandle. Assume that there exist elements α,β ∈ X with
O τ (α)  Z and O τ (β) /∈ θ
(
O τ (α)
)
.
Then H+α,β is a non-empty subset of X which is closed under ∗ and is not a subquandle.
Moreover, in the same situation, if O τ (α) ∈ θ(O τ (β)), then so is H∗α,β .
Proof. Both H+α,β and H∗α,β have the element β , so they are not empty. By deﬁnition of ∗, x ∗ y ∈ O+τ (x) for any x, y ∈ X .
Thus H+α,β is closed under ∗. If O τ (α) ∈ θ(O τ (β)), then β ∗ y = β for any y ∈ O τ (α). Thus H∗α,β is also closed under ∗.
We prove that H+α,β and H∗α,β are not closed under ∗. Since O τ (β) /∈ θ(O τ (α)), we have α ∗ β = τ−1α. However τ−1α
does not belong to O+τ (α) by the assumption O τ (α)  Z. We see that τ−1α does not belong to O+τ (β) as follows. Suppose
that τ−1α belongs to O+τ (β), then τ−1α ∈ O τ (α) ∩ O τ (β) and hence O τ (α) = O τ (β). This contradicts the assumption
O τ (β) /∈ θ(O τ (α)), since O τ (β) ∈ θ(O τ (β)). Therefore α ∗ β belongs to neither H+α,β nor H∗α,β . 
Using this proposition we can obtain a lot of dynamical quandles with subsets which are closed under the quandle
operations but are not subquandles.
Now we give a necessary condition for a subset of a dynamical quandle which is closed under the quandle operation,
not to be a subquandle.
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equivalently, A is not closed under ∗). Then there exist elements α,β ∈ X with
O τ (α)  Z and O τ (β) /∈ θ
(
O τ (α)
)
such that A includes H∗α,β .
Moreover, in the same situation, if O τ (α) /∈ θ(O τ (β)), then A includes H+α,β .
Proof. Since A is not closed under ∗, there exist elements α,β ∈ A with α ∗ β /∈ A. (Then α ∗ β = τ−1α /∈ A.) We shall show
that they are the desired elements in the proposition. If O τ (β) ∈ θ(O τ (α)), then we have α ∗ β = α ∈ A, a contradiction.
Thus O τ (β) /∈ θ(O τ (α)). As a consequence, we have α ∗ β = τα and O+τ (α) ⊂ A. And hence A includes H∗α,β . If O τ (α) is a
ﬁnite set, then τ−1α ∈ O τ (α) = O+τ (α) ⊂ A, a contradiction. Thus, we have O τ (α)  Z.
If O τ (α) /∈ θ(O τ (β)), then x ∗ α = τ x for any x ∈ O τ (β). Thus we have O+τ (β) ⊂ A, and hence H+α,β ⊂ A. 
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